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Abstract. Inreal applications the velocity field of a flow is not available
in analytical but in discrete form. One goal of this paper is to analyze
particle integration methods for discretized data defined on meshes with
regard to numerical efficiency and accuracy. Careful error analysis of the
particle tracing process relates the error of velocity interpolation in space
and time to the error of the numerical integration. Hence, a fast integra-
tion routine which provides accuracy similar to that of interpolation is
necessary. This leads to a robust integration routine with adaptive step
size control and error monitoring. A second aspect of this work is the
treatment of stiff problems. Stiffness occurs in flows with strong shear
deformations or vorticity. To detect stiffness in a given flow field, the
Jacobian of the velocity field is analyzed. Implicit integration methods
are used to handle stiff systems of ordinary differential equations.

1 Introduction

Flow visualization tools based upon particle methods continue to be an impor-
tant topic of research. With respect to numerical integration fourth order Runge-
Kutta schemes are widely used within the visualization community, some times
without a detailed error analysis. Especially, the interrelation to the ubiquitous
linear interpolation of grid values is rarely discussed.

When computing a particle trace, an initial value problem for an ordinary
differential equation has to be solved (see Section 2). If the velocity field of
the flow is given in an analytical form, integration algorithms of high order
are preferable like extrapolation methods or high order Runge-Kutta schemes.
However, in real applications vector fields arise that are defined on discrete grids,
since these velocity fields are given by numerical simulation or by measurement.
For such rough vector fields higher order algorithms like extrapolation methods
are useless.

In most particle tracing modules integration methods of the Runge-Kutta
type of at least order four are used, e.g. the NAG-Advect modules of the IRIS
Explorer use an adaptive RK4(5) scheme. Also Stalling and Hege use an adaptive
RK4(3) algorithm in their Fast-LIC module [10].

In Section 2 we establish a relation between the errors introduced by the lin-
ear interpolation of the velocity on time and space domain grids and the errors



introduced by the numerical integration. This leads to a robust integration rou-
tine with adaptive step size control of type RK3(2), which is not more accurate
than necessary but significantly more efficient than the adaptive Runge-Kutta
methods of higher order and the classical RK4 with fixed step size or the step
doubling approach [1] or some other heuristic step sized adaption techniques [7].

In Section 3 the problem of stiffness is discussed. Mechanisms of detecting
stiffness in a given flow field are analyzed and it is discussed in which data sets
stiffness can be expected. Finally, implicit integration methods are suggested to
cope with stiff systems of ordinary differential equations.

2 Integration Methods for Discrete Data

This section deals with the fast and accurate computation of particle traces in
steady and unsteady flows. Lagrange visualization techniques of vector fields are
based upon the numerical solution of an initial value problem for the following
ordinary differential equation:

vt alto) =z (1)
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where v denotes the velocity vector field, x the position , ¢ the time variable and
T the start value at the initial time #g.

Usually, the numerical solution for a particle trace is given on discrete grids
xzA(t;) at discrete time steps t; € A = {to,t1,...,tn}. The accuracy of a particle
tracing algorithm is limited by the discretization error of the velocity field and
the error of the numerical integration. If an integration method of order p is
used, then the discretization error is characterized by

llz(t:) —zalt)ll < CT° (2)

where C is a positive constant, 7 the maximal step size in the grid A and ¢; € A.

Based upon this information, it is not possible to determine a good time
discretization a priori and therefore equidistant time steps are usually chosen
with t; = t;—1 + 7. However, it cannot be expected that grids equidistant in time
direction solve problems with completely different characteristics appropriately.
Even within a single flow, a different behavior of the flow field in different regions
of the computing domain can be expected.

A reliable and efficient algorithm should be able to construct a problem
adapted grid A. In this way the two goals, better performance and higher accu-
racy, can be achieved simultaneously. Hence, we are interested in an integration
method which provides the desired accuracy with the minimal possible cost,
including the generation of the approximating grid. This leads to adaptive inte-
gration algorithms.

In order to select an integration scheme, single-step or multi-stage methods,
and multi-step methods are considered. In a single-step method like Runge-
Kutta, the position z(¢,,) depends only on z(t,—1). In a multi-step method, the



results of a fixed number of previous time steps are used to compute the new
position z(t,). The order of the method depends on how many previous time
steps are used to calculate a new x. Multi-stage schemes are single-step methods
with multiple function evaluations per time step, e.g. Runge-Kutta methods of
at least order two.

Here we have to take into account that the overhead of a multi-step method
for the computation of a problem adapted grid x A (t;) results in a higher cost
than in the case of a single-step method. Because of this fact only multi-stage
methods are considered in this text.

For adaptive integration algorithms the right-hand side of equation (1) has to
be evaluated not only at arbitrary positions in space but also in time. In order to
calculate the velocity v, tri-linear interpolation in space and linear interpolation
in time is used. Higher order interpolation schemes in time would require to keep
many complete time steps in memory. This would be a problem because of the
huge data sets which usually arise from numerical simulations.

The interpolation scheme causes an approximation error of the velocity field.
This error limits the maximal possible accuracy that can be reached by numerical
integration of the particle trajectories. The error originating from the discretiza-
tion of the velocity and the error resulting from the numerical integration are
separately considered in order to estimate them.

If the discretization constants are h; in time, the size of the time step given
by the numerical simulation, and h, in space, the size of the space discretiza-
tion, then the error in the approximation of v(x,t) resulting from the linear
interpolation is of order O(h?) in time and O(h2) in space. In order to un-
derstand the influence of these errors on the integration, the exact trajectory
generated by the velocity field v(z,t) is compared with that generated by the
vector field 0(x,t) which is obtained by interpolation. It is assumed that both
velocity fields v and ¢ satisfy a Lipschitz condition, i.e. there exist positive Lip-
schitz constants L, and L; so that ||v(z1,t) — v(z2,t)|| < Ly||lz1 — z=2|| and
[|6(z1,t) — 9(za,t)|| < Lp|lzr — z2|| for all z1, z2 and t of the domain of v
respective 0. Then the trajectories are given by the equations
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If it is assumed that both trajectories have the same starting position z(tg) =
Z(to) = o, the difference between them at a later time ¢ is:

le(®) ~ a0l = | [ (v(a,) ~ o(@,5) ds @
0
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0

where C; and C,, are constants. Now applying the Gronwall lemma (see [5]), the
following estimate for the global discretization error caused by interpolating the



velocity field is obtained:
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An estimation for the global error of the numerical integration of the exact
velocity field v is given by

ll(t) = 2(8)[] <

p
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where L 4 is the Lipschitz constant of the integration scheme (compare [4, 5]).
If the constants C' and L are comparable to max(Cy,C;) and L; respec-
tively, and if the integration step 7 is comparable to the time discretization step
h; and smaller than the cell size (||v||T < hs), then equations (6) and (7) show
that an integration scheme of order p > 2 should produce an error which is
negligible compared to the discretization error. This means that an integration
method of order p > 2 should be accurate enough with regard to the discretiza-
tion error. To verify this assumption, we have implemented standard and ex-
trapolated Runge-Kutta algorithms up to order 6 and extrapolated midpoint
rules up to order 8, and tested these algorithms in several applications (compare
Section 5). Furthermore, we have implemented embedded Runge-Kutta methods
with error monitoring and adaptive step size control (see Section 4) to create a
problem adapted grid A. Because of the adapted grid, these algorithms have a
better performance and a higher accuracy than the simple Runge-Kutta meth-
ods.

3 Stiff Sets of Ordinary Differential Equations

In many practical applications the ordinary differential equations are stiff, for
instance equations describing chemical reactions or the equations resulting from
the semi-discretization of parabolic equations. Stiff systems were observed for
the first time in 1952 by Curtis and Hirschfelder, when solving the problem
of chemical reaction of a multicomponent system using explicit Runge-Kutta
method. In this chemical experiment some components react in a very short
time achieving the equilibrium state while the other components change very
slowly.

It is important to distinguish between the stability of the ordinary differential
equation and the stability of the integration method. In the case of the chemical
reaction, explicit Runge-Kutta methods fail even for very small integration steps.
On the other hand, the stability properties of the system are very good, i.e. the
explicit Runge-Kutta integration method is unstable for stiff systems.

Stiff systems are in some sense characterized by the Jacobian D, v of v.
The concept of stiffness can be mathematically defined but we concentrate on a
characterization which is valuable in practical applications. We say that a system
of ordinary differential equations is stiff in the time interval (to,t) if

(t —to) [|Dgv|| > 1 or equivalent (¢ —to)L > 1 (8)



where L is the Lipschitz constant of v. If we use the £2 matrix norm, then
||Dzv]|| is equal to the absolute value of the largest eigenvalue of the matrix. In
this section we consider fluid flow data and analyze under which circumstances
the particle tracing equation (1) may show stiffness.

If a system of ordinary equations is stiff in some regions, then the corre-
sponding linearized problem inherits this stiffness (compare [5]). Thus, only the
linearized problem is considered. Furthermore, because the time dependent part
is linear in ¢, it is not relevant for the considerations in this section. Thus, we only
analyze the part of the ordinary differential equation that contains the Jacobian

of the velocity:

%‘Z:Dzv-m . )

In order to determine whether particle tracing for a given flow is stiff or not,
the eigenvalues of the Jacobian of the velocity field have to be analyzed. The
Jacobian can be decomposed into three parts: D,v = X'+ OId + 2 where X rep-
resents the shear of the fluid flow and is a symmetric matrix, © is the expansion,
Id the identity matrix, and (2 the rotation, which is an skew-symmetric matrix.
The rotation matrix is of the form

1 0 —W3 W2
== w3 0 —Ww1 (10)
2
—Wa Wq 0

where the vector w is the rotation of the velocity, i.e. w =V xv.

If the shear of the flow field is large, e.g. near walls or within turbulence,
the eigenvalues of X' which correspond to the shear directions are large. It fol-
lows that the norm of the Jacobian is large and satisfies condition (8). In such
situations it is recommended to switch to a special integration method, called
implicit. We are coming back to this problem in the next section.

The norm of the matrix {2 can be easily computed due to its special form:

1 1 .
19201 = Slul = 5/} + wf + (1)

which is the vorticity of the flow. A typical example, where vorticity is relevant, is
a circular flow. In this case particle tracing becomes a stiff problem. Additionally,
such a circular flow shows also strong shear deformations.

4 Multi-Stage Methods

Due to the disadvantages of multi-step algorithms mentioned above, only multi-
stage or single-step methods are considered. A detailed description of integration
methods is found in [5, 9].

The well-known Runge-Kutta schemes (RKp) are the most famous explicit
multi-stage algorithms. The letter p denotes the order of the integration scheme.
The simplest one is Euler’s method (RK1) and an example of RK2 is Heun’s
method. A different class of single-step algorithms are the extrapolation schemes,



for instance the extrapolation of Euler’s method (RK1Xp) or the extrapolation
of the midpoint rule (MPXp). The order of RK1Xp rises by one after each ex-
trapolation step and the order of MPXp increases by two after each step.

An improvement of explicit single-step algorithms are adaptive explicit single-
step methods. The general idea of adaptive algorithms is to compute two tra-
jectories with different integration schemes for each time step. If the difference
between the endpoints of these traces is larger than a given tolerance, the com-
putation is repeated with a smaller integration step size.

As adaptive schemes, embedded Runge-Kutta schemes are well suited. Here,
the different integration methods are Runge-Kutta algorithms of different order
and embedded means that the coefficients for the evaluation of the velocity field
are all equal up to the lower order. Embedded Runge-Kutta methods are denoted
RKp(q) where p is the integration order and g is the order for the error estima-
tion. We have implemented RK2(1), RK3(2) and RK4(3). Theses algorithms are
represented with the help of the Butcher schemes, where the coefficients of the
method can easily be seen (compare [2]):

0
0 0 1/2 | 1/2
ol 1] 1 12| 0 1/2
ey 1/2|1/4 1/4 10 0 1
_{76 /6 1/6 273 116 1/3 1/3 1/6
1/2 1/2 0 1/6 1/3 1/3 1/6 0
1/6 1/3 1/3 0 1/6

Adaptive Runge-Kutta algorithms RK2(1), RK3(2) and RK4(3).

Now we come back to stiff sets of ordinary differential equations. For a proper
integration of such equations, linear implicit multi-stage methods are introduced.
To see how implicit algorithms work, we consider equation (1) and write down
the explicit Euler scheme for integrating this equation with step size 7:

2(tn) = 2(tn-1) + T0(X(tn-1),tn-1) - (12)

The method is called explicit because the new value z(t,) is given explicitly in
terms of the old value z(t,—1). Whereas, the implicit Euler scheme is:

Z(tn) = x(tn—1) + T0(x(tn),tn) - (13)

In general this is some nasty set of nonlinear equations that has to be solved
iteratively at each step. In order to make implementation easier and to improve
performance, the problem can be linearized. This leads to the linear implicit
Euler method:

@(tn) = 2(tn-1) + 7 (Il = TDpv(2(tn1))) " - v(@(tn-1),tar)  (14)

where D,v denotes the Jacobian of the vector field v at the point x(¢,—1). Since
at each time step a matrix has to be inverted, linear implicit methods are slower



than explicit ones. Therefore, linear implicit algorithms should be used only if
the system of differential equations is stiff. Also remark that a linear implicit
scheme converges to its corresponding explicit scheme for 7 — 0.

We have implemented the linear implicit Euler method (LIRK1), the linear
implicit midpoint rule (LIMP) and extrapolation schemes of both algorithms,
abbreviated LIRK1Xp and LIMPXp respectively. Again the order of LIMPXp
increases by two after each extrapolation step.

An improvement of implicit algorithms are again adaptive linear implicit
multi-stage methods. Kaps and Rentrop showed in [6] that the smallest order
for which embedded adaptive linear implicit Runge-Kutta methods are possible
is order 4(3). We have implemented such an integration scheme and abbreviated
it LIRK4(3).

We have implemented all integration algorithms mentioned in this section
within the framework of the IRIS Explorer visualization environment.

5 Comparison of Integration Methods

In many applications vector fields arise that are very rough, so that higher order
algorithms like extrapolation methods do not work well. Furthermore, due to
the fact that the vector fields are strongly varying, the integration steps have to
be very short. Thus, extrapolation schemes become very expensive. The explicit
Euler method does not work well either. The first order integration method is
not able to follow particles properly in turbulent flows.

Therefore we compare the performance of adaptive and non-adaptive Runge-
Kutta methods only. The efficiency of the algorithms is measured by the number
of evaluations of the velocity field. Also the number of calculated particles is
listed in the following table. The evaluation of the velocity field corresponds
to the point location and velocity interpolation steps of the particle tracing
algorithm, which are the most time consuming operations [7]. For the test three
data sets were used with different characteristics. The first one corresponds to
the simulation of a vortex breakdown where the gradients of the velocity field
are strongly varying. The second data set corresponds to the simulation of the
air flow in a clean air room. The third data set is a laminar cross-cylinder flow.
The velocity field of this data set is very smooth.

RK2| RK3| RK4|RK2(1) | RK3(2) | RK4(3)
vortex | integr. steps | 3694 | 1849 | 1233 691 239 166
v-evaluations | 7387 | 5545 | 4929 2582 1957 2211

air flow | integr. steps | 5000 | 4147 | 3290 146 53 46
v-evaluations | 9999 | 12439 | 13157 636 225 235
laminar flow | integr. steps | 291 146 97 94 34 29

v-evaluations | 581 436 387 346 180 189

In these tests the step sizes of all methods and the tolerances of the adaptive
algorithms are chosen so that the resulting trajectories look identical and so
that scaling down the step size of an integration scheme would not change its



resulting trace. The speed differences are relative small in laminar flows, since all
algorithms can integrate with a large step size. The speedup of adaptive methods
is much greater in turbulent flow fields, because the non-adaptive methods have
to use a small step size everywhere.

Furthermore, the tests confirm our consideration that RK3(2) is faster than
RK4(3), if the integration is not more accurate than necessary. On the other
hand RK2(1) is a lot slower than RK3(2). The scheme RK2(1) uses RK2 and
Euler’s method to determine the step size. Usually, the difference between the
trajectory of the Euler scheme and that of the RK2 algorithm is relative large,
and thus a relative small step size is chosen (compare Section 4). Hence, the
RK2(1) method is significantly slower than the RK3(2) algorithm.

Now we compare the adaptive Runge-Kutta methods of our IRIS Explorer
particle tracing module with the NAG-Advect-Simple module that uses an RK4(5)
algorithm. The vortex data set is used to compare the computational time of the
algorithms. The computational time of the NAG-Advect module is set to 100%.

NAG-Advect | RK4(3) | RK3(2) | RK2(1)
100% | 8% | 82% | 109%

Relating to stiff problems, two example data sets where stiffness occurs are
shown and described in Figure 1 and 2. These two figures are also displayed as
colored images in the Appendix.

Figure 1 shows a flow in a floating-zone furnace for crystal growing. Because
of the rotational symmetry, the stream bands should be closed. On the left hand
side the stream bands are computed by the linear implicit Euler scheme and on
the right hand side the classical Runge-Kutta method of order four is used. In this
example both algorithms use the same step size and the same number of steps.
On the left hand side the bands are closed but on the other side they are not.
This is a typical data set where explicit methods fail and implicit algorithms have
an advantage. The black planes define the starting positions for the particles.

Figure 2 shows a test data set of a cylindrical air flow caused by different
temperatures on the walls of the box. Because of symmetry all trajectories should
be closed. Here we have used both explicit and linear implicit RK4(3). At first
glance both methods close their particle traces but after some 50 circulations
the trajectories of the explicit Runge-Kutta scheme become thick (grey circles),
whereas the traces of the implicit algorithm remain closed (black circles).

In both examples the particle tracing using the implicit algorithm took about
twice as long as that using the explicit equivalent. Linear implicit integration
methods are slower than their explicit counterparts but in stiff cases they are
very helpful.

6 Conclusion

As a result of careful analysis of numerical efficiency and accuracy of differ-
ent integration methods on discrete data, it is shown that an adaptive RK3(2)



Fig. 1. Flow in a floating-zone furnace for crystal growing. On the left hand side the
stream bands are computed by the linear implicit Euler scheme and on the right hand
side the classical Runge-Kutta method of order four is used.

scheme is accurate enough in relation to the interpolation error and significantly
more efficient than higher order integration algorithms. Furthermore, we have
implemented implicit integration methods to handle stiff systems of ordinary
differential equations. These algorithms are slower than explicit methods but in
stiff data sets when explicit methods fail, they can create proper trajectories.

Based upon these results we have implemented a particle tracer as a module
within the IRIS Explorer visualization environment.

Due to the fact that implicit integration is very expensive and that, in gen-
eral, systems are stiff only in some localized regions, we intend to implement
partitioned methods as a future extension. These are adaptive methods with a
mechanism to switch between explicit and implicit integration depending on the
eigenvalues of the Jacobian at the current point. If 7L < C, the explicit inte-
gration is used else the implicit one. Here C is a method dependent constant
(compare [3]) and L is the Lipschitz constant of the velocity field. If the cur-
rently used method is the implicit one, L can be approximated by the norm of
the Jacobian (see Section 3) else L can be estimated by intermediate values of



Fig. 2. Test data set of an cylindrical air flow caused by different temperatures on
the walls of the box. Here we have used both explicit and linear implicit RK4(3). The
trajectories of the implicit Runge-Kutta scheme remain closed (black circles), whereas
the traces of the explicit method become thick (grey circles).

the explicit multi-stage method in the following way:

tn)) = v(@Y ()]l
(tn) — 2 (tn)

5 Inte

> (15)
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