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Abstract

Multilevel representationsand mesh reduction techniqueshave
beenusedfor acceleratinghe processingndtherenderingof large
datasetsepresentingcalaror vectorvaluedfunctionsdefinedon
complex 2 or 3 dimensionaimeshes.We presenta methodbased
on finite elementapproximationsavhich combinesthesetwo ap-
proachesn a new anduniqueway thatis conceptuallysimpleand
theoreticallysound. The mainideais to considermeshreduction
asan approximatiorproblemin appropriatdinite elementspaces.
Startingwith a very coarsetriangulationof the functionaldomain
a hierarchyof highly non-uniformtetrahedra(or triangularin 2D)
meshess generateddaptvely by local refinement. This process
is drivenby controllingthelocal errorof the piecavise linearfinite
elementapproximationof the function on eachmeshelement. A
reliable and efficient computationof the global approximationer-
ror combinedwith a multilevel preconditionedconjugategradient
solver arethe key component®f the implementation.In orderto
analyzethe propertiesand advantageof the adaptvely generated
tetrahedraimeshesve implementedwo volumevisualizationalgo-
rithms: aniso-suriceextractoranda ray-caster Both algorithms,
while conceptuallysimple,shaw significantspeedupsver corven-
tional methodgdeliveringcomparableenderingquality from adap-
tively compressedatasets.

1 INTRODUCTION

Mary applicationsn computegraphicsandvisualizationdealwith
increasinglylargescalaror vectorvaluedfunctionsdefinedon com-
plex two or three dimensionalmeshes. Typical examplesrange
from two dimensionatlatasuchassatelliteimagesor laserscango
threedimensionatcalarfieldsonregulargridslike medicaldatasets
or eventime dependentiow fieldson unstructuredyridsof acom-
plex CFD topology The generatiorof geometricprimitivesby vi-
sualizationmappingdik e heightfields, iso-suracesor streamlines
andtherenderingfor suchcomplex meshess very computeinten-
sive andrequiredarge storagecapacities As the informationcon-
tainedin the datais oftenredundanta commonstratey for hand-
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ling suchproblemsis compressiomwith informationlossassmall
aspossibleanda multiresolutionrepresentatioof the datasefor a
flexible level-of-detailcontrol.

In this paperwe presenia methodbasedon adaptve multilevel
finite elementsvhich generates sequenc®f nestedapproximat-
ing spacedor a givenfunction. Themainideais to interpretmesh
reductionand optimizationas an approximationproblemin finite
elementspaceswith adaptve meshrefinementand error control.
The input datais consideredo be a discretizedrepresentationf
the smoothfunction to be approximated.In contrastto the tech-
niguesbasedon waveletsand multiresolutionanalysis[8, 10] our
algorithmstartsat the coarsestevel andproceeddo thefiner ones
(asin [6]). This corresponds$n a naturalway to the sequencef
stepswhenperformingexplorative visualizationor progressie data
transmissiormnddisplay We interpretthis processasadatadriven
meshgenerationsincewe iteratively generate hierarchyof tetra-
hedral(or triangularin 2D) meshe®y adaptve refinemenbasecn
erroranalysis After eachterationstepof ouralgorithm,acomplete
hierarchyof nestedspacess available,with thebestapproximation
of theunderlyingfunctionknown atthefinestlevel of thehierarchy
Coarserepresentationsf the function aregiven by a hierarchical
basis[32] decompositiorat the lower level of the hierarchy The
error measuremerdnd the approximationitself are basedon the
standardL, norm. More generainorms,suchasthe Sobol& norm
which allows the integrationof a priori knowvledgeof the smooth-
nessof the functionto be approximatedcanalsobe implemented,
but thisis atopic of futurework.

In additionthemary adwantage®f a multiresolutiorrepresenta-
tion of the data,suchaslevel-of-detailcontrol, compressionetc.,
whicharealreadywell analyzedn thecomputergraphicditerature
[8, 14], the approachproposedcherehasthe following remarkable
features:

o Adaptivity: Theresultingalgorithmsfor 2D and 3D dataare
very simpleandefficient dueto the high compressiomoten-
tial of adaptvely generatedneshes.

e Error Contol: The globalaccurag of the approximationis
well definedin the L, normandcanbecontrolledby theuser
Additionally, control over the local contritutionsto the error
is alsogiven,which allows for local meshrefinement.

e Topolgyy Contwol: Becausgherefinemenbperationarewell
defined the meshe®btainedexhibit very nice propertiesj.e.
no thin trianglesor tetrahedra,and no verticeswith mary
edgesaregenerated.

Ourapproactworksonirregulargrids. Sincethemeshis generated
duringtheapproximationno assumptionaboutthemeshtopology
of the input datahave to be made. Furthermorethe algorithmis
formulatedindependentlyof the problemdimensionandwasim-
plementedor 2D and3D data.Themainstepsof thealgorithmcan
besummarizedsfollows:
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Figurel: Thetopographyof Australiagivenby a409x 505 heightfield senesasa 2D examplefor the meshoptimizationby
adaptve multilevel finite elementsDatasetontribtutedby M. Hutchinsonof the AustralianNationalUniversity, Canberra

e Choosean intentionally coarsetriangulationof the domain
(e.g. acubedividedinto 6 tetrahedra) Computethe bestap-
proximationby a directsolver to starttheiteration.

e Successkly refinethe meshelementswith the estimatedo-
cal approximatiorerrorabore a giventhreshold Avoid hang-
ing nodesby adjustingthe neighborhoodf therefinedcells.
Computeaniterative solutionof theimprovedapproximation.

e Stop,if theglobalerroris smallenough.

Sinceoneof the classicalapplicationsof meshoptimizationis ter-
rain visualization,we demonstratehe hierarchicalapproachby
shawing five characteristiecnesheof a 2D datasetepresentinghe
topographyof Australiain Fig. 1.

In orderto investigatehow the meshhierarchycanbe exploited
for 3D scalarfields, we have developedan iso-surbice extraction
and a volume ray-castingalgorithm. The drawbacksof standard
iso-surbicemethoddor indirectvolumevisualizationarethe time
spenton the extractionof the polygonaldescriptioneventuallyvis-
iting eachcell of alarge dataseandthe enormousamountof gen-
eratedriangleswhich makesinteractie handlingdifficult evenon
high-endgraphicworkstations.A moregeneralapproachs based
onmeshhierarchieswhicharegenerate@daptvely by localrefine-
mentoperations.The ideais to work on a compactandsimplified
datarepresentatioratherthanonthe simplificationof theresulting
geometrigorimitives. With the helpof animplicit adaptve integra-
tion techniquewe shaw how to usethe meshhierarchyfor direct
volumerendering.

Thefollowing sectionglescribeherelatedwork, thetheoretical
backgrounaf thefinite elementapproximationsomeof theimple-
mentationdetailsof the algorithmandelaborateon theiso-surfice
andvolumeray-castingapplications We concludewith theanalysis
of theexperimentaresultsandwith someideasfor futurework.

2 RELATED WORK

In this sectionwe discusselatedapproachefor meshoptimization
andmultiresolutiorrepresentatiorsndanalyzesomeimportantas-
pectsandalgorithmsfor thevisualizationof volumedata.

2.1 Aspects of Mesh Reduction

A widely usedmultiresolutionanalysistechniqueis the wavelet
decompositiorThe useof multiresolutionanalysison nestedap-
proximationspaceshas successfullypeenextendedto meshesf
arbitrarytopologyby Lounsberyet al. [19, 8]. Besidesnary ad-
vantagesuchascompressionlevel-of-detailcontrolandthe gen-
erationof the multiresolutionrepresentatiosomeaspectsemain
open. Oneproblemis, thatthe waveletrefinementcannotbe per
formedadaptvely, resultingin a re-meshingasa post-processing
step, after the wavelet decompositiorhas beenperformed. Re-
meshings necessarjo avoid hangingnodeswhenaddingwavelet
coeficientsin thereconstructiorstepfor local refinement.The or-
thogonalwaveletprojectionguaranteea bestleast-squareapprox-
imation with respectto the L, norm. Becauseof the successie
addingof orthogonalsubspacesan error estimationof the overall
accuray of theapproximatiorcanbe given[9].
Themethodglescribedabore approacttheapproximatiorprob-
lem from a functionalpoint of view. In contrastthe approachesf
Schroedeetal. [22], Klein etal. [16], Turk [27] andHoppe[14]
for 2D-mesheandCignonietal. [6], Guo[12] andL Urig etal. [20]
for 3D-meshesanbe consideredjeometric.Theseapproachean-
alyzeevery singlenodewith somelocal criteriain orderto decide
whetherit canbe eliminatedor not followed by a re-triangulation.
A widely usedgeometricerrorcriterionis the Hausdorf or Frechet
distancewhich measurethedistancebetweermmanifolds.This ap-
proachalso allows the constructionof a hierarchyof approxima-
tions dependingon the distance but thereis no simple recursion
relationbetweerpbjectsin thehierarchywhichis oneof thestrong



propertiesof nestedmultiresolutionspaces.An adaptve polygo-

nalizationtechniquefor implicitly definedsurfaceswas proposed
by Hall etal. [13]. Theirmainconcerris to obtainpolygonalrepre-
sentation®f algebraicsurfaceswhichareappropriatéor hardware

rendering.Their approachs basedn anadaptve tetrahedramesh
refinemenglgorithm.

2.2 Aspects of Iso-surface Generation and Vol-
ume Rendering

A wide variety of algorithmshave beendevelopedfor the visual-
izationof scalaivolumedata.For themainclasse®f surfacefitting
[18] anddirectvolumerenderind15] mary acceleratiotiechniques
weresuggestedb dealwith thehugeamountof 3D data.

One approachto acceleratahe extraction of iso-surficesis to
preselecthe cells that may contritute trianglesto the iso-surfice.
The octree spatial subdvision presentedby Wilhelm and Van
Gelder[29] annotategachoctreenodewith the span.The sweep-
ing simplicesalgorithmpublishedby ShenandJohnsori25] usesa
binary tree solely basedon the relationsof the spans.A moreso-
phisticatedalgorithmof this approactwaspresenteésthe ISSUE
algorithmby Shenand Johnson24]. Thesealgorithmsgenerate
the sametrianglesasthe standardmarchingcubesdoes,but they
requireextramemoryto storetheintenal information.

Anotheriso-suraceoptimizationis the reductionof theamount
of trianglesgeneratedor rendering. This canbe donein a post-
processingstepasin the Schroedeialgorithm[22] or interleaved
with the marchingcubesalgorithmasin the approactpresentedn
Shekkartal. [23]. Thereductiondecisionsarealwaysrestrictedo
afixediso-surhce,the extractionof whichis not optimizedin this
approach. First stepstowardsiso-surfice generationon reduced
tetrahedragridsweremadeby Cignonietal. [6].

Traditionalray-castinchasbeenacceleratetby adaptingthein-
tegrationstepsizeto the variancein the data[7] andby efficiently
steppinghroughthevolume[31]. Otherapproacheagainusehier-
archical[17] or compresse{28, 11] representationsf thevolume.

3 THE FINITE ELEMENT APPROACH

Finite elementanalysisis a numericalmethodfor solving partial
differential equationswhich is widely usedin scienceand engi-
neering. In this sectionwe presenta nev methodwhich extends
the basicunderlyingideaswith respecto hierarchicalapproxima-
tion, local meshrefinementanderror estimatedor solvinggeneral
approximatiorproblemsn Hilbert spaces.

3.1 The Approximation Problem

In orderto measurehe quality of an approximationof a function
definedover adomain{2 we assumehatthefunctionto be approx-
imatedis an elementof a linear function spaceequippedwith a
norm, which is inducedby aninner product. The approximation
problemin a Hilbert space€ with theinner product(-,-)¢ canbe
formulatedasfollows. SupposeS is a linear subspacef £. An
elementu € S is the bestapproximationto anelementf € &, if
theorthogonalitycondition

(f—u,v)e =0 forallv e S (2)
holds. Theproblemto find the bestapproximatiorcanof coursebe
reformulatednto the well knovn form of aleastsquaesappoxi-
mation wherethebestapproximatioru € S is givenby

— =inf ||f — .
1 = ulle = int IIf — vlle

More specifically we work with the Hilbert spaceL2(£2) con-
sistingof all squarentegrablefunctionsover Q2. Theinnerproduct
andtheinducednormaregivenby

(F, 9)i = / fode and |[ulls, = (u,u)Y?
Q

We discretizethe problemfollowing the Ritz-Galerkinapproach.
The domainof definition 2 is assumedo be a polygon for 2D
meshe®r a polyhedronfor 3D meshesWe now considerS C Lo
to bea N-dimensionafinite elemenisubspaceonsistingof all the
piecavise linear functionswith respecto a triangulation7 of (2.
A basis{¢; }{L, of S consistof the hat functionswhich areasso-
ciatedwith eachvertex. Their supportis restrictedto the elements
of the triangulationcontainingthis vertex. Thus, equation(1) is
reducedo thesystemof linearequations

AU=F @)

where
Aij = (¢js$i)Ls, Fi=(f,¢i)r, and u = Z Uits .

Theevaluationof theinnerproductsandtheassemblingf the cor
respondingmatricesand vectorsare carriedout using standardi-
nite elementechniquesThefunction f is usuallygivenin discrete
form over agrid, e.g. a MRI datasetis given on a uniform grid.
For the evaluationof the inner products(f, ¢;) we interpolate f
bilinear or trilinear on structuredgrids andlinear on triangularor
tetrahedragrids.

Up to now we have just reformulatedthe problemof the best
approximatiorfor a finite elementspacesquippedwith the L in-
ner productinto the solutionof a linear system. The methodwe
proposedactually generatesa hierarchyof nestedapproximation
spaceshy adaptve meshrefinement. It consistsof the following
threesteps

o Mesh Refinement: We needa meshrefinementalgorithm
which generates hierarchyof triangulationsof the domain
by local refinementoperations.The algorithmsusedwill be
describedn Section3.2.

e Error Measuement: The key ingredientof an adaptie ap-
proximationmethodis an efficient and robust measurement
of the approximationerror This methodshouldprovides a
boundfor the overall accurag of the approximatiorandgive
informationaboutthedistribution of theerroramongtheindi-
vidual meshelementsthusforming the basisof the adaptve
local meshrefinement. The error measuremergtepwill be
describedn Section3.3.

o Multilevel Preconditioning: An efficient iterative methodfor
solving the potentially large linear system(2) will be ad-
dresseattheendof Sectioré.

3.2 Local Mesh Refinement

A partition 7~ of a polygonalor polyhedraldomain$2 into trian-
glesor tetrahedras called a triangulation. The meshrefinement
processwe useis considered standardnethodin the adaptve fi-
nite elementliterature[4, 5]. We startwith a coarsetriangulation
To, andgeneratea sequencd, - - -, 7; of increasinglyfine trian-
gulationsby successie local meshrefinement.Eachtriangulation
in the sequencés requiredto be conforming i.e. theintersection
of two elementsconsistsof a commonfaceor a commonedgeor
a commonverte or it is empty This conditionpreventshanging
nodeswhicharedifficult to treatin finite elementomputationsind



problematicfor renderingpurposes.For the samereasonghe tri-
angulationsequencéasto be stablewith respecto somemeasure
of degenerayg. For example,onerequireghatall interioranglesare
boundedaway from zerowhich is essentiafor the stability of the
numericalcomputations.Finally, in orderto build a hierarchyof
nestedspaceghe triangulationsequencdasto satisfythe nested-
nesscondition,which meansthat an elementin a triangulationis
obtainedby subdviding anelemenin a coarsetriangulationof the
sequenceWe usean algorithmwhich combinesregular (red) and

o>
G

Figure2: Regularor redrefinemenbf atetrahedron

irregular (green)meshrefinementasintroducedfor 2D meshedy
Banket al. [2] andits extensionto threedimensionaletrahedral
meshef Bey [4]. Theserefinementlgorithmsarecarriedoutin
threesteps.First, a refinementule for a singleelementhasto be
defined suchthatsuccessierefinementgroducestableandconsis-
tenttriangulations.Sucharefinementrule is calledred or regular.
Seconda setof greenor irregular refinementrulesis definedfor
the elementsvhich sharea commonedgewith regularrefinedele-
ments. Theserefinementulesarelocal. Greenrefinedtetrahedra
arejustinsertedto satisfyborderconditionsandto avoid hanging
nodes.In orderto avoid stability problemsgreenrefinedtetrahedra
mustnot be refinedagain. If a subdvision is required,the origi-
nally greenrefinedtetrahedromustbere-refinedwith theredrule.
Finally, thesdocal rulesarecombinedandrearrangedhto aglobal
refinemenélgorithmwhich guaranteefor stabilityandconformity

For 2D mesheshered(regular)refinementule dividesatriangle
into four congruenbnesby connectinghe midpointsof its edges.
Thegreen(irregular) refinementonsistof simplebisectionscon-
nectingone edgemidpoint with the oppositevertex. The regular
refinementrule for tetrahedrdirst cuts off four sub-tetrahedrat
the verticesasshavn in Fig. 2. The subdvision of the remaining
octahedroris not uniqueanddependsn the choiceof one of the
threepossiblediagonals Thestrat@y proposedy Bey [4] is based
on affine transformationgo a referencetetrahedrorand produces
stableregular refinements.For tetrahedrahereare2® — 2 = 62
possiblegreenrefinementpatternswhich canbe classifiedinto 9
differenttypesusing symmetryconsiderations.In orderto make
the algorithmpracticablegreenrefinements restrictedto the four
differenttypesshawn in Fig. 3 performingaredrefinemenbon all
remainingpatterns.

| 1-A 11-B ]

Figure3: Irregularor greenrefinemenof atetrahedron

3.3 Error Analysis

In orderto obtaininformationabouttheaccurag of theapproxima-
tion, we areinterestedn an efficient methodto measurehe error
||f — u||. Becausave have a priori knowledgeof the functionto
be approximatedyve evaluatethe error by a directintegration. In
orderto obtaininformationon the local contributionsto the global
errorwe proceedasfollows. Let T beatriangulationof thedomain
of definitionQ2 andA anelementin 7. Theerrorcanbewrittenin
theform

I =l = [ (7= wa0 @
Q
= Z Ea
A€T
wherethe Ea aregivenby
Ba= [ (- wiao. @
A

For the computationof the Ea coeficients we usea four points
third orderintegrationformulafor trianglesanda five pointsthird
orderintegrationformulafor tetrahedrd26]. The functionvalues
attheintegrationpointsareobtainedby interpolation.

4 ALGORITHM

If we think of meshreductionand optimizationasan abstractap-

proximationproblemin Hilbert spacesve canusepowerful meth-
odsto adaptvely generatea sequencef approximationdasedon

local meshrefinementand error computation. In this sectionwe

presentan iterative algorithmto generatesequencesf nestedap-

proximatingspacesAfter eachiterationa newv sequencef nested
spacesvhichareobtainedby localmeshrefinements derivedfrom

the previous hierarchyof spaces.Thefirst stepis to constructthe

initial, intentionallycoarseriangulationof the domain.Depending
on the geometryof the domainthis may be a very complex task.

Basedon the initial triangulationthe first approximationis com-

putedby usinga directsolver for the linear system(2). Then,we

enteraloop wherethe meshis iteratively refineddependingn the

global accurag of the approximation. At eachstepof this pro-

cess,which we call data driven meshgenerationmeshelements
aremarkedfor refinementif theirlocal errorcoeficientsEa in (4)

exceeda certainthreshold After themeshrefinemenstep thenew

approximationis computedby an iterative multilevel solver. The

algorithmis summarizedy thefollowing pseudo-codseggment:

procedure MeshQOpt i mi zat i on()
choosecoarseriangulationTy
computefirst approximatiorus by directsolver
while (globalerrortoo high)
for eachelement
evaluatelocal error Ea
end for
for eachelement
if |[Ea| > threshold
markfor refinement
end if
end for
meshrefinement
computenan approximatiorus
end while
end procedure

Theresultof aniterationstepk is a sequenc®f triangulations
To, - - -, T;, satisfyingthe nestednessonditionandbeingusedto



constructthe hierarchyof nestedpiecavise linear finite element
spaces:
SoCS1C---CSj, (5)

Thebestapproximation:s for thelevel S;, is efficiently computed
by amultilevel linearsolver. At eachiterationstepa few of the up-
perlevel meshesnightbe modifieddueto the substitutionof irreg-
ularrefinementdy regularones.Oncethe solutionis knowvn atthe
finestlevel of resolution,anapproximatiorto f atthe otherlevels
of the hierarchycanbe computedy a hierarchicabasisdecompo-
sition asshawvn by Yserentan{32].

Duringthesuccessi refinemenstepghe numberof verticesin
themeshewwill increaseFor alarge numberof vertices especially
for 3D applicationsthe linear system(2) will becomevery large,
with thematrix A beingsparsebut non-diagonalStandardterative
methodssuchasGauss-Seidar evenconjugategradientiteration,
arenotappropriateWe solwethislinearsystem(2) with aconjugate
gradientmethodcombinedwith a multilevel BPX preconditioner
The very efficient methodmales useof the hierarchy(5) for the
solutionof the linear systemandis successfullyappliedin mary
modernfinite elementtomputation$l, 5]. All ourimplementation
work for the multilevel iterative solver is basedon the C++ object
orientedfinite elemenpackagdk ASKADE from theKonrad-Zuse-
Zentrumin Berlin[3].

Iter. | vertices| triangles| time(s) | ratio
5 63 104 0.01] 0.68

15 1,207 2,353 0.12 | 0.87
20 5,368 | 10,651 0.94| 0.87
25| 22,275| 44,450 498 | 0.82

Tablel: Processingesultsfor the Australiaheightfieldsdataset

Weillustratethe algorithmby a closerinvestigationof the mesh
optimizationprocesswhich generatedhe hierarchyshavn in Fig.
1. Theinitial triangulation7o consistsof just two triangles,the
innerproductsareevaluatedusingbilinearinterpolationof theinput
heightfield. In Table 1 we give the resultscorrespondindo the
bestapproximationobtainedafter a given numberof iterationsof
thealgorithm.We usedathreshold of 0.3 andtheruntimeswere
measurednaSGIOnyx with a194MHZ MIPSR10000processor
Importantarethe numberof nodesandtrianglesthetime required
for the solutionof thelinear systemandtheratio betweerthe new
numberof trianglesandthe previousonefor thefinestmesh which
givesanideaof thenumberof new triangles.

5 ISO-SURFACE EXTRACTION

While we have seenin section2 that there are mary other ap-

proachesto optimize 2D meshes,one important aspectof our

methodis thatit easilyextendsto 3D datasetsIn orderto demon-
stratethis we implementedandanalyzedaniso-surbicegeneration
algorithm which directly operateson the optimized meshesde-

scribedabove. This algorithminherits all the adwvantagesof the

competingapproachesy acceleratingthe iso-surfice extraction
comparedo the marchingcubesalgorithmaswell asby reducing
the numberof generatedriangles. A standardoolygonreduction
algorithmhasto run a marchingcubestype algorithmfirst, andin

a secondstepit hasto spendextra time for the reductionprocess.
In our approachhereductionis madeon the volumeitself, which

savestime andmemoryduring the iso-surbicegeneration.On the

otherhand,ary iso-surbceextraction acceleratowill needextra

memoryfor its internaldatastructuresandit doesnot reducethe

amountof generatedriangles.For hugedatasetsthis maybecome
aproblemdueto thelarge storagerequirements.

In our case the generatiorof theiso-surbicehasto be doneby
a marchingtetrahedraalgorithm. There are three main casesof
tetrahedratrianglegenerationlinterpolationin eachtetrahedroris
doneusingallinearfunctionof theform

flz,y,2) =a+bx+cy+dz (6)

wherethe coeficientsare precomputedrom the vertex valuesby

solvingalinearsystem.n orderto computethe shadinghormalsof

thetrianglevertices the computatiorof the gradientat the tetrahe-
dral verticesis required. First, we determinethe gradientin every

tetrahedronwhich is constantdueto the affine interpolatingfunc-

tion (6) within the tetrahedron.The gradientat the verticesof the
iso-surhiceis then computedby the volume-weightedaverageof

thegradientof theadjacentetrahedra.

6 VOLUME RAY-CASTING

In orderto take adwantageof the adaptvely reducedgrid for vol-
umeray-castinga specialalgorithmhasbeendeveloped.Thebasic
ideais to implicitly adaptthe integration stepsizeto the size of
thetetrahedraklementof the optimizedmesh.Therefore theray
integrationis performedrom cell faceto cell faceusingthetrape-
zoidalrule. For thetwo dimensionatasehisis explainedin Fig. 4.
Onecanclearlysee thatsamplepointshecomedensein regionsof
smallertetrahedrawhich correspond#o regionsof highvariancen
thedata.This samplingtechniquevasalsousedby Max etal. [21].
Danskin[7] introducedthe ideaof importancesamplingbasedon
octreesThevarianceof anoctreecell is usedto determinehe next
stepsize.In our casethestepsizeinformationis extractedfrom the
datastructureitself

O Sample Point

Figure4: Samplingpointsfor ray integrationin a 2D mesh

Sincethe connectiity of the tetrahedraimeshis generatedy
the decompositioralgorithm, volume traversalcan be donevery
efficiently. Sortingasin scan-linebasecalgorithms[30] is notnec-
essaryThefirst tetrahedrorhatis traversedoy therayis computed
usinganiterative searctprocedureExploitingcoherencéy means
of a bidirectionalscanningalgorithmin imagespacethe entrance
pointis alwayscloseto thelastone,leaving thesearchprocessay-
ligible. For interpolationwe usethe samelinear schemeasin the
iso-surhicecase Additionally, otheracceleratiotechniqueganbe
integrated.As anexamplewe implementeckarlyray-termination.

Instabilitiesduringvolume-traersalmayoccurif therayis exit-
ing a tetrahedromearbyan edge. In this casethe wrong neighbor
tetrahedrormay be chosen. To overcomethis probleman extra
adaptionprocedurenasbeenimplemented.First, we checkif the
stability problemis relevant. In this case the exit pointis moved
a certainamounttowardsthe geometriccenterof the next tetrahe-
dron.



(&) MR slice, 2562 samples

(b) Iso-linesin original data

(c) Iso-linesin reduceddata(19%)

Figure5: Informationcontentof thereducedD grid

7 RESULTS

Thequality of thegeneratedneshess demonstrateth Fig. 1 where
theeffectof thelocalrefinemenbperationganclearlybeseen.The
quality of theerroranalysiscanbe appreciatedrom thefactthatin
the outer partstrianglesare not refinedbetweenthe 15th andthe
25thiteration. Furthermoretrianglesarevery nicein thesensehat
no thin trianglesor verticeswith large numberof edgesarepresent
in themeshes.

Sinceit is difficult to depictdetailsfrom large 3D meshesve
demonstratéhe quality of the meshoptimizationby usinga 256>
sliceof aMRI datasetshawvnin Fig. 5(a). In orderto checkwhether
therelevantfeaturesarestill containedn the compressedata,we
computeiso-lines. Comparingthe structuresfound in the origi-
nalimage(seeFig. 5(b)) with thosecomputedrom the optimized
datase{threshold = 0.2) containingonly 19%o0f thevertices(see
Fig. 5(c)), we find only very smalldetailsmissing.

In orderto shaw the strengthof the presentedso-suricealgo-
rithm several experimentshave beencarriedout with a MRI head-
scanwith 1282 voxelsof 16 bit precisionand— asalargedataset
— aCAT abdomerscarwith (512)2 181 voxelsof 8 bit precision.
The generatedurfacesshav a suficiently complex structure(see
Figs. 7(a) and7(b)) to judgetheir quality with respecto surfaces
resultingfrom a standardnarchingcubesalgorithm(Fig. 7(c)). In
Figs.7(d), 7(e)and7(f) aniso-surficeextractedfrom reduceddata
setscorrespondingo theabdomeris shavn. Extractiontime, gen-
eratedrianglesandimagequality will be of interest.

dataset vertices | tetrahedra| triangles| time (s)
Orig. Head | 2,097,152 - 182,280 6.18
Headl 49,853 | 286,452 98,113 1.28
Head2 81,174 470,388| 128,786 2.08
Head3 120,656| 700,848| 165,834 2.57
Orig. Abd. | 47,448,064 — | 1,471,254 1265
Abd. 1 36,892 204,229 103,592 1.2
Abd. 2 61,486 | 344,217| 158,659 1.9
Abd. 3 148,563| 845,086 346,573 4.4
Table 2: Iso-surfce extraction for the MRI-headsand CAT-

abdomenén Fig.7, threshold = 0.2

Consideringthe triangle generationspeedwith respectto the
numberof tetrahedrashavn in Table2, we seethatthe extraction
time is nearly constant. An optimal algorithmwould just inspect
thosetetrahedrathat contritute to the iso-surfice. Suchan algo-

rithm would resultin aconstanextractionspeedor trianglesinde-

pendentlyof thenumberof tetrahedraised.Ouralgorithmdoesnot

exhibit constantehaior, but the slopeis quite low which means,
thatthetriangulationof thevolumeimplicitly resultsin aneffective

processingf thegeneratedetrahedra.

As we canseein Table2 thetime neededo generateghetrian-
glesis decreasingignificantlycomparedo the standardnarching
cubesalgorithm. Looking especiallyat Head 1 we see,that the
numberof trianglesis aboutone half and the processingime is
about6 timesfaster In the caseof the Abdomen3 (Fig. 7(f)), the
numberof trianglesis reducedo 25%comparedvith themarching
cubesalgorithm. Iso-surficeextractionhasalsobe donein com-
binationwith the sweepingsimplicesalgorithm[25]. However, a
maximalextra acceleratiorof up to 10%in the bestcasehasbeen
achieed. This is becausef the adaptve meshrefinementanda
cell searchtechniquearenot orthogonahkccelerationmethods.

Thegeneratiorof thegrid hierarchyonwhich all thealgorithms
arebasedjs donein a preprocessingtep. For example,the total
computatiortime including meshrefinementjinear solver ander-
ror analysisvas166secfor theAbdomenl (level 11) and857 sec.
for the Abdomen3 (level 14).

In orderto analyzethe characteristicef the volumeray-caster
severalexperimenthave beenperformed.Our goalwasto analyze
therelationof computatiortime andimagequality. Forthispurpose
a chromosomalataset consistingof 256% voxels hasbeenused.
All imagesarerenderedat a resolutionof 500 = 500 pixels. Fig.
7(i) shavs the chromosomeay-tracedn the original uniform grid
usinga standardalgorithmwith two samplegervoxel. Figs. 7(g)
and7(h) shav thesameadatasetwith thesameransferfunctionsfor
differentreductionstages. The numberof verticesandtetrahedra
left for eachdatasetis givenbesidegherenderingimein Table3.

dataset vertices | tetrahedra| time(s)
Chrom.1 2,320 12,570 17
Chrom.2 4,613 25,571 21
Chrom.3 9,076 50,817 27
Chrom.4 19,769 | 111,891 35
Chrom.5 34,269 | 194,885 45
Original 16,777,216 — 197

Table3: Volumeray-castingor thechromosomelatasetin Fig. 7,
threshold = 0.2

The differenceshetweenthe image obtainedfrom the original
dataset(Fig. 7(i)) andtheimageobtainedfrom the reduceddata



(a) Heat-fluxiso-surfice

(b) Heat-fluxdetailediso-surbcemesh

(c) Heat-fluxmeshafter5 refinements

Figure6: Poissorequationon a cubewith a cutcorner

with themosttetrahedréeft (Fig. 7(h))is maginal. Thenumberof

verticeshasbeenreducedo 0.2%. Theray-tracingtime hasbeen
reduceddown to 23%. Thesenumbersshaw the strengthof the
combinationof the finite elementanalysisalgorithmwith the in-

herentlyadaptve ray-castingnethod.Theanalysisalgorithmtends
to finer tetrahedrizatiorof regionswith high gradientmagnitude.
This canbe clearly seenat the edgeof the chromosomen Figs.

7(9),7(h). This slopedegeneratesit the lower levels of resolution
very quickly. On the otherhandthe orangekernel, which is the
nucleusin the upperleft cornerof the chromosomeremainsquite
stableevenin levels of lower resolution.In 7(g) theamountof ver-

ticeshasbeenreducedown to 0.01% of the original dataset,and
therequiredcomputationatime hasbeenreduceddown to 8.6% of

theoriginal dataset. The main characteristicasthe orientationof

thechromosomendthe positionof the nucleusarestill visible.

At thefirst glance,the reductionof computatiortime seemso
be quite low, comparedvith the reductionof cells. But traversing
asimplicialmeshis muchmorecomplicateddueto clipping opera-
tionsandtraversalinstabilities. Additional acceleratioriechniques
suchasearlyray terminationhave beenimplemented.The perfor
mancegainremainsconstantisthesetechniquesreorthogonako
ourapproach.

In orderto shaw the versatility of the methoda further dataset
from anengineerin@pplicatiorwasvisualizedwhichis definedon
anontensorproductgrid. It representshe solutionof the Poisson
equationon a cubewith a cut cornerand was producedwith the
finite elementodeKASKADE [3]. Fig. 6(a)shavstheiso-surbce
correspondingo the iso-value of 0.03which was computedfrom
anoptimizedmeshwith only 8,076vertices.The meshof thesame
iso-surbicecomputedrom arefinedgrid containingd8,140vertices
is shavn in Fig. 6(b). The outsideof the underlying3D meshcan
beseenin Fig. 6(c).

8 CONCLUSIONS

We have presentec new methodwhich usestechniquesaindideas
from the finite elementcommunityto solve the problemof mesh
optimizationfor arbitraryunstructuredwo andthreedimensional
grids. We have shawn, that the algorithm producesadaptvely
refined grids which are well behaed and suitablefor accelerat-
ing a broad class of visualizationand renderingmethods. For
the exampleof iso-surbceextractionwe have giventiming results
which demonstratehat the underlyinggrids allow for a consider
ablespeedumf existing algorithmswhile maintainingthe desired
accurag.

A major adwantageof this approachs that the meshhierarchy
is constructedrom coarseto fine with the computationatomplex-
ity of the approximationof the function on the coarsegrids being
nearlyindependenof the actualdatasize. Intermediatdevels can
be easilyreconstructedrom theinitial meshbasedon thewell de-
finedrefinementulesandafew integersindicatingthe simplex-ids
to be regularly subdvided. This will make the proposedmethod
very attractve for progressie transmissiorand display acrossa
network. In futurework we will exploit this factby adaptingvisu-
alizationandrenderingalgorithmsto interactve explorationbased
on local switchingbetweerrefinementevels accordingto a user
requestedevel-of-detailor a view dependenérrorthreshold.Fur-
ther on, we will extendthis work to other3D visualizationalgo-
rithmswhich we ervision to profit from the optimizedmeshese.g.
particletracingandvectorfield topology

Theapproximatiorerrorusedin the meshreductionprocessan
be definedin ary linear Hilbert spaces.The function spaceL. is
not alwayswell suitedfor approximatingsmoothfunctions. Func-
tionsrapidly oscillatingwith smallamplitudesarein the L, sense
agoodapproximatiorto a given smoothfunctionandreciprocally
However, in orderto suppressuchoscillatingcontritutions,other
normswhich include differentiabilityinformationcanbe used. In
particular we areinterestedn the Sobole spaceH " equippedvith
theinnerproduct

(u,v) g1 = (u,v) 1, + (Vu, Vo)L, .

Comparisorand analysis(theoreticaland experimental)of the re-
sultsproducedby the differentnormswill bethetopic of research
of futurework.
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Figure7: Imageplateshaving theresultsof iso-suraceextractionandvolumeray-casting




