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6.5 VISUALIZATION OF VECTOR FIELDS

C. TEITZEL, M. HOPF

In theforegoingpartof this chaptetechniquedor thevisualizationof scalarfield data
have beenpresented.Thesemethodsare not suitable,in general for the exploration
of vectorfield data. Hence differentconceptdave beendevelopedin orderto reveal
theinformationcontainedn this kind of data.

Visualizingvectorfield datais challengingbecausao existing naturalrepresenta-
tion canvisually cornvey large amountsof three-dimensionallirectionalinformation.
In fluid flow experimentsexternalmaterialssuchasdye, hydrogenbubbles,or heat
enegy areinjectedinto the flow. The advectionof theseexternal materialscreates
flow patternswhich highlight the inherentstructureof the field. Analoguesto these
experimentatechniquehave beenadoptedy scientificvisualizationresearchers.

In thereminderof this chaptemwe will summarizesomeof thebasicapproachefor
the visualizationof flow fields. We will sketchideashow to usenumericalmethods
andthree-dimensionatomputergraphicstechniquego producegraphicaliconssuch
asarrows, motion particles,streamlines, streamribbons, and streamtubesthat act
asthree-dimensionaflepthcues. While thesetechniquesare effective in revealing
the flow field’s local featuresthe inherenttwo-dimensionalisplay of the computer
screenandits limited spatialresolutionrestrictthe numberof graphicalicons that
can be displayedat one time. In orderto overcometheselimitations additional
techniquesor flow field visualizationincluding globalimagingtechnique$iave been
developed. Thesetechniquesansuccessfullyillustratethe globalbehavior of vector
fields; however, it is difficult when using suchmethodsto control the tremendous
informationdensityin away thateffectively depictsboththedirectionstructureof the
flow andtheflow magnitude.

In the following we will dealwith three-dimensiondlow or vectorfields, which
associate vectorwith eachpoint of the underlyingdomain. In generalthe physical
idea of flow can be representedy the mathematicalkconceptof a flux. Detailed
description®f thisconceptiorcanbefoundin nearlyeverytextbookaboutdifferential
topologyandin booksaboutordinarydifferentialequationse.g.[20, 175,419,482].

A morecommonrpointof view istolook attheflow field asafamily of differentiable
curvesparameterizedver a certaindomain: Then,the curve

a,: R — M
t — Ou(z) =D(t,x)

is calledintegral curveor flowline of . Theimagec, (R) of theintegralcurveis called
orbit, path, or trajectoryof x. If aflux, ®, is givenonamanifold, M, thenevery point
of M belongsto exactly oneorbit. In orderto geta bettergeometricalinderstanding
of agivenflux or a physicalflow respectiely, therearetwo differentwaysto look at
theflux. Ontheonehand,we canstudyhow the motions®, actonthe manifold M.
Thatis, thedeformation®f linesandvolumesby theflux ®; arestudied.Ontheother
hand,we canlook for an overview over the shapeof all orbits (seeSection6.5.1).
Therearethreekindsof orbits: An integralcurvea, : R — M of agivenflux is either
an injective immersion,a periodicimmersion,i.e. «, is immersionandthereexists
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p > 0 with oz (t + p) = a,(t) forall t € R, or a, is constanto, (t) = z forall ¢. In
thelattercaser is calledfixed-pointof theflux.

The actualaim in flow visualizationis to analyzeandto displaythe propertiesof
flows. The data,which are receved from measurementsr numericalsimulations,
consistof velocity information. In thefollowing we will outlineavariety of different
methodswhich canbe usedsuccessfullyto illustratethe local or global behavior of
vectorfields.

6.5.1 Velocity Field and Flux Visualization

Accordingto thelastsection,a flow canbe analyzecdby visualizingits velocity field,
orbits,or motion. A numberof differenttechniqgue$ave beenevolvedto make useof
thesethreenotations.

Arrow Plots. A traditionalstandardechniquefor visualizinga flow is to visualize
its velocity field directly by drawing smallarrons at discretegrid points. This simple
arron plot algorithmis quite fastbut hassomedisadwantages.

If thearrow plot methodis appliedto curvilinearor unstructuredyrids by drawing
thearronvsatthegrid nodesmorearrovsareplacedn regionswherethecellsaresmall
thanin areaswherethe cells arelarge. This variationin arrow densityis unrelated
to the velocity field itself. A seconddravbackis that regularity in the grid causes
distractingpatternsn theoutputimage. Finally, theuserhasno controlovertheglobal
arron density

A solutionto theseproblemsis to re-samplethe velocity field in computational
space(C-space)r physicalspace(P-spacepndto generatea randomdistribution of
arrons. Thereby the global arrov densitycanbe chosenby the user For a detailed
descriptionof this approactwe referto [187].

Glyphs. A more advancedmethodfor visualizing the velocity field of a flow is
usingglyphsinsteadof arrowns. A glyphis alocal flow probethat shovs somemore
parametersf thefield. Besideghe actualvelocity, informationaboutthe Jacobiarof
thevelocityisrevealed.By decomposingheJacobiarinto meanirgful componentsand
by their mappingusingmetaphorghatareeasyto understandthe matrix is presented
in anintuitively way. The resultis thatthe probepresentsnformationlik e velocity,
accelerationgcurvature,shear corvergence(or divergence),and local rotation, also
calledtorsionby someauthors.Thisiconicvisualizationmethodwasdevelopedby de
LeeuwandvanWijk [426] in 1993.

Glyphscanbeusedasatool to studydetailsof a flow field ratherthanto globally
visualizeaflow. Ontheonehand,it is anadvantageof this techniquehateachprobe
suppliesthe userwith a vastquantityof information. On the otherhand,theseicons
areatfirst glancedifficult to interpretand someusersfeel overwhelmedy the flood
of information.

Topological Methods. Topologicalmethodsombinewo of thethreementionedap-
proachedgor analyzinga givenflux by visualizingpropertieof boththe velocityfield
andthe orbits. Onthe onehand,the singularitiesof the velocity field areconsidered,



272 PRINCIPLESOF 3D IMAGE ANALYSISAND SYNTHESIS

ontheotherhand theshapeof orbitsnearfixed-pointsof theflux. In 1989Helmanand
Hesselink[315] introducedtechniquedor visualizing the topology of vector fields,
Sincethenthis methodhasbeenof greatinterestin thevisualizationcommunity[316].
The conceptof Clifford algebrawasintroducedin orderto detecthigherordersingu-
larities [609] andto handlenonlinearvectorfields [608]. Additionally, topological
methodscanbe extendedrom vectorfieldsto tensorfields[165, 421].

Particle Methods. Particle methodsenjoy a goodreputationin flow visualization,
sincethey candisplayorbitsor motionof aflux dependingpntheinitial geometry Both
orbitsandmotionsprovide a goodimpressiorof thefluid flow. It is possibleto depict
detailsandto shaw globalbehavior aswell. Giventhevelocityfieldv(x, t) := ®(¢, ),

theorbit, pathline, or trajectoryof xo € M is givenby the solutionof aninitial value
problemfor thefollowing ordinarydifferentialequation:

da;_gt) = v(x(t),t), z(0) = xo. (6.7)

Physically sucha pathline corresponddo a long time exposurephotographof an
illuminatedfluid particle. Streamlines correspondo the solutionof the differential
equation:

dx(s)
ds

=wv(z(s),t), z(0) = o, (6.8)

wherethe time ¢ is treatedas constantand s is the parameteof the resultingcurve
x(s). Thatis, we take a snapshobf the vectorfield v attime ¢t. Streamlines are
tangentiakto theinstantaneouselocity at every point, exceptat pointswherev = 0.

Theimageat time ¢ of the streakline passingthroughthe point «; is the curve
formedby all the particleswhich happenedo passby x; duringthetime0 < ¢; < ¢.
Physically a streakline correspondso the curve tracedout by a non-diffusive tracer
injectedat the positionx;. Note that the particlesof the tracermove accordingto
Equation6.7. If aflow is steadyi.e. it lacks explicit time dependencethen path,
streamandstreaklinescoincide.

As alreadymentionedthe orbits of afluid flow canbe visualizedapplying Equa-
tion 6.7. The sameequationcannow be employedfor displayingmotionsof the flow.
Therefore,a setof connectedarticlesis tracedinsteadof a single particle. Lines,
surfaces,or volumescan be consideredas suchsets. Thatis, we wonderwhat the
evolution of theinitial startconfiguratiorwill be.

If all pointsof a givenline aretracedaccordingto Equation6.7,the resultwill be
a streamribbon [51, 386], a streamtube[177], or a streamsurface[347]. In 1992
Hultquistimprovedstreanmsurfacesy anew tiling techniqueandby splitting divergent
ribbons[348]. In addition,StolkandvanWijk introducedtherepresentatioof stream
surfacesandtubesvia surfaceparticleg673]. Moreover, implicit streanmsurfacesvere
proposedy vanWijk [754]in orderto overcomedifficultieswith irregulartopologies
of originatingcurvesandsurfaces.

With streamsurfacesa good insight into the structureof the flow field can be
achieved,becauséiddensurfaceeliminationandshadingcanbe usedto provide cues
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ondepthandorientation.Furthermorelocal parametersf thefield or othervariables
canbemappedntothesurface.Ontheotherhand,greateffortshaveto beundertalen
in orderto solve problemswith corvergent,divergent,or shearflows, andwith flows
aroundobstacles.

Flow volumedg475] arethevolumetricequivalentof streansurfaces.Thatmeansa
polygonis givenassouceobjectandtraced. Theresultingflow volumeis divided intoa
collectionof tetrahedraywhicharerenderedy amethodof Shirley andTuchmar{644].

Therefore,it is possibleto rendersemi-transparertetrahedraisinghardwaretex-
turing andcompositingin orderto generatémageswhich createthe impressiorasif
smole werereleasednto a gasflow.

Another approachdealingwith surfacesas sourceobjectsis the methodof time
surfaceg[195]. Startingwith a surfaceat a giventime, the particlesof this surface
aretracedandfurther surfacesare renderedafter discretetime steps. This time, the
differentsurfaceswill notbeconnectedByetheway, the particlesthatlie onthesame
surfaceareparticlesof the sameage.

Finally, volumeslik e ballsor hexahedracanbe usedasstartobject. Of courseijt is
sufficient to traceparticlesof the surfaceof a closedvolume,for instancea sphereis
tracedinsteadof aball. The shapeof the volumetricsourceobjectis distortedby the
flow, whichgivesanimpressiorof thestretchingwithin theflow field. Floatingvolumes
werepresentedyy Duvenbeckand Schmidt[195] andStolk andvanWijk [673].

A lot of othertechniquedor flow visualizationbaseduponparticlemethodshave
beenpresentedh thelastyears.e.g.streanpolygonsby Schroedeetal. [623] andthe
streamball techniqueby Brill etal.[81].

LinelIntegral Convolution. As mentionedn the previousparagraphsyectorfields
canbevisualizedin a numberof differentmanners.The approachegresentedo far
arerestrictedto a rathercoarsespatialresolution. In contrastto them,texture-based
methodsachieve a much higher resolution. Line integral convolution (LIC) is an
effective andversatiletechniqueor visualizingflow fieldswith smallscalestructures.

In anearly texture-like method,introducedby van Wijk [753] in 1991,oval spots
with white noiseare distortedalong a straightline sgmentorientedparallel to the
local vector direction. LIC itself was introducedby Cabraland Leedom[103] in
1993. In their algorithmcorwvolution takesplacealongcurved streamline sgments.
In 1995 StallingandHege [662] madeLIC muchfaster moreaccurateandindepen-
dentof resolution. Due to theseimprovementsLIC turnedout to be very suitable
for displayingvector fields on two-dimensionalsurfacesand becamevery popular
Hence,a vastquantityof differentalgorithmandimprovementshave beendeveloped
in thelastyears.In 1994Forssell[231] presentedn extensionthatallows to mapflat
LIC imagesonto curvilinearsurfacesin threedimensions.A problemof this method
is the distortion of length during the mappingprocess.In 1997 Teitzel et al. [689]
solved this problemby computingLIC imagesdirectly on triangulatedsurfacesin
three-dimensionapacewithout mapping. Anothermethodfor creatingLIC images
on surfacesin three-dimensionapacewaspresentedy Mao et al. [467] usingsolid
texturing. Wegenkittl et al. [740] introducedorientedLIC in orderto visualizethe
orientationof theflow andRisquef{573] presented drasticsimplificationfor acceler
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atingtheimagingprocessMany otherauthorshave beenworkingonenhancementsy
colorcodingor animatingLIC, by acceleratingheimagegenerationpr by developing
especiallyadaptedechniquedor applyingLIC to unsteadyflows. A comparisorof
LIC andrecentlyenhancedpotnoisetechniquesanbefoundin [425].

Consideringvolumetricdata,thoughthree-dimensiondllC volumescanbe com-
putedin thesamemanneiastwo-dimensional IC imagesyolumeLIC isscarcelyused
becausef difficultiesto depictinner structuresf the vectorfield. Modernhigh-end
graphicsworkstationgrovide a high numberof tri-linear interpolationoperationgper
secondandtherebyallow to performdirectvolumerendering(compareSection6.4.5)
athighimagequality andinteractive framerates.Althoughthe ability to interactively
manipulatehethree-dimensionalolumegreatlyimprovesthe perceptiorof theinner
structuresthe streamlinesinside a three-dimensiondlIC texture aretoo denseand
intricateto bevisualizedasawhole. Semi-transparerycandthe applicationof sparse
input texturesasproposedn [353] canenhanceheresultingLIC texture.

Animationis anintuitivewayto addinformationabouttheabsolutevalueof velocity
tostaticLIC images.Techniquesisedo animatewo-dimensioral LI C,which conmpute
LIC texturesfor eachtime step,arelessapplicablefor three-dimensiondllC, because
of the greatcomputationakexpenseand the immenseamountof data. To avoid the
performancepenaltyandthe high memoryrequirementshat comewith loadingand
storinglargepre-computedhree-dimensiondextures theideawasnotto animatethe
three-dimensiondllC itself, but to usean animatedclipping objectinstead. Rezk-
Salamaet al. provided two different approacheg568], which both use a single
three-dimensional IC texture and a set of clipping objects. To display animated
three-dimensiondllow at interactve frame ratestexture-based/olume renderingis
performed.

Basics of Line Integral Convolution. The LIC algorithmfilters an input volume
along pathor streamlines of a given vectorfield and generates three-dimensional
textureasoutput. In mostcasesn scientificvisualizationa texturewith white noiseis
usedasinput. Thelntensity I of anoutputtexturevoxel locatedat xy = o (so) is

so+L
I(xg) = / k(s — s0)T(o(s))ds, (6.9)
so—L
whereo (s) denotesa streamline of the vectorfield parameterizedy arclength, T
the intensity of the input texture and £ afilter kernel. If we choosea constanfilter

kernelk andconsiderthat T is constantteachvoxel, the convolutionintegral canbe
computedby samplingtheinputtexture T" atlocationsz; alongthe streamline o (s):

n
I(@o) =k Y T(x), (6.10)
i=—n
wherewe choosek = 1/(2n + 1) to normalizetheintensity The corvolution causes
voxel intensitiesto be highly correlatedalongindividual streamlinesbut independent
in directionsperpendiculato them. In theresultingimageghestreaminesareclearly
visible.
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6.5.2 Vortex Visualization

Up to now, we have analyzedheflow andits velocity field. Whatcanbedonenext is
to investigatehe derivative of the velocity field, the Jacobiarfield of the velocity. In
orderto do this, we firstly decomposéhe Jacobiarinto a symmetricmatrix A anda
skew-symmetricone:

Dgyv = % (Dmv + (Dmv)T) + (Dzv - (Dwv)T)

1
2 (6.11)

= A + Q.

A is called deformationor stretchingtensorand its proper directionsare the
maximumdirectionsof stretching2 representshe local rotation, which is a skew-
symmetricmatrix, calledvorticity or spinmatrix. Therotationmatrix is of theform

1 0 —Ww3 w2
Q = — w3 0 —Ww1 (6 12)
2
—Ww (9%} 0

with thevectorfield w = (w1, w2, w3)?, whichis thecurl or rotationof thevelocity,
i.,e.w = V x v. Thevectorfield w is calledvorticity andis readily interpretedas
twice thelocal angularvelocity in thefluid. Notealsothatdiv(w) = div(rot(v)) = 0.

Sincevorticity is a vectorfield, all the methodsgpresentedn the previous Subsec-
tions canbe employed for visualizingthe vorticity. Prominentexamplesare vortex
lines[488] andvortex tubes[39], which arethe streaminesandtubesof thevorticity.
However, the vorticity is only onecomponenbf the derivative of the velocity, which
is itself thederivative of theflux. Thatis, it seemsatherdifficult to gatherinformation
aboutthe flow from vortex lines or tubesand even experiencedresearchergsan be
surprisinglymisledby vortex lines.

6.5.3 Particle Tracing

In orderto computea particlepath,Equation6.7 usedto besolvedonuniform meshes.
In 1989Buning[99] presentedhe stencilwalk algorithm,which makesit possibleto
performparticletracingon curvilineargrids. Sadarjoeretal. [590] compareghysical
spacgP-spaceandcomputationaspacgC-spacemethoddor curvilineargrids. The
errorsintroducedn the C-spacenethodby transforminghevelocity by meanof pos-
sibly inaccuratelacobiansavorite the P-spacepproachHerehowever, pointlocation
usuallycomputedby the stencilwalk algorithm,which alsoneedghe Jacobiansis a
slightdrawback. KenwrightandLane[385] suggestea tetrahedratiecompositiorof
the hexahedralcells for speedingup the point location but introducingan additional
cell searchon thetetrahedratells. Friihauf[234] andUengetal. [718] investigated
fastalgorithmsfor computingparticletracesin steadyflows on unstructuredjrids.

In thefollowing sectionsave aregoingto describehow differentpropertieof aflow
field canbevisualizedby appropriatgarticletracingtechniquesThe visualizedflow
characteristicare orbits, speed andlocal rotation In addition, extra scalarvalues
like temperaturedensity,or pressuref thefluid flow canbe visualized for instance
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by color coding. The geometrigorimitivesusedfor the particlevisualizationarelines
tubes balls, ribbons andtetrahedia.

Path. Linesarethenative approacHor visualizingpath,streampor streaklines. The
pathis numericallycomputedand thena broken line is drawvn to depictthe result.
Furthermore a scalarvariable, e.g. temperaturedensity pressureor the absolute
valueof thevelocity canby displayedby color coding.

If the velocity field v(x, t) of the flow is givenin an analyticalform, integration
algorithmsof highorderarepreferabldik e extrapolatiormethodsr highorderRunge-
Kutta schemes.However, in real applicationsvectorfields arisethat are definedon
discretegrids, since thesevelocity fields are given by numericalsimulationor by
measurementor suchroughvectorfields higherorderalgorithmsareuseless As a
resultof carefulanalysisof numericalefficiency andaccurag of differentintegration
methodson discretedata,it canbe shovn thatanadaptve RK3(2) schemas accurate
enoughin relation to the interpolationerror and significantly more efficient than
higherorderintegrationalgorithms[688]. Furthermoreso-calledmplicit integration
methodscan be appliedto handlestiff systemsof ordinary differential equations.
Thesealgorithmsareslowerthanexplicit methodsout in stiff datasets,whereexplicit
methoddfail, they cancreatepropertrajectories.

Tubesarelineswith spatialextent. In principle,aline is computedandeachpoint
of theline is replacedy acirclelying in theplaneperpendiculato thecurrentvelocity
direction. A benefitof tubesis thatthey are polygonalobjectsandthereforesupport
the spatialperceptionby both hiddensurfaceremoval andshading. Moreover, tubes
have the advantagethat the radiusof the tube canbe variedin orderto visualizean
secondscalarvariable.

Anotherpossibilityto createtube-like streamobjectsis to choosea circle assource
elementandto traceall its points. Hereby the cornvergenceanddivergencen theflow
canbe easilyrecognized.On the otherhand,it often happenghatthetubeis getting
very thin or fat, which meanshatthe tubenearlyeitherdisappearsr occludesall the
scene.

Speed. If balls are used,the speedof the flow canbe percevedin a naturalway
from the distancebetweensuccessie balls. Sincesizeandcolor of ballsareutilized
asbefore,balls canvisualizean additionalscalarvaluecomparedo tubes. However,
in caseof adaptieintegrationmethodsthedistancebetweersuccessie particlesdoes
notdepicttheabsolutevalueof thevelocity but the sizeof thecurrentintegrationstep.

In this case we canjust visualizethe samepropertiesof the flow applyingeither
tubesor balls. Neverthelessballs have the advantagethat they give valuableinsight
into the adaptve integrationprocess.

Local Rotation. In additionto the visualizationof the orbits,speedandsomeextra
scalarvariables,we now concentraten the visualizationof the local rotationin the
fluid flow (compareSection6.5.2).

In fact,bandsor ribbonsrevealthelocalrotationin anintuitiveway. Therearetwo
differentwaysto generatea bandthatvisualizesthe local rotation. The first method
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Figure 6.23. On the left hand side, the air flow in a clean air laboratory is investigated.
The ventilation is improved step by step by displacing the workbenches, hoods, and
gasper fans, starting a new numerical simulation, and visualizing the air flow again. On
the right, the time-dependent flow around a cylinder is visualized by means of streak
tetrahedra. The curvilinear multi-block data sets consists of 24 blocks. The pressure
is visualized by the color of the tetrahedra. In addition, an iso-surface of the pressure
has been computed in the right image. This time, the difference between successive
tetrahedra does not visualize the speed of the fluid, since an adaptive Runge-Kutta
method (RK3(2)) has been used for calculating the streak lines. Hence, the tetrahedra
near the cylinder reveal the small integration step sizes that have been used in this
region.

is to computetwo particletracesthatareclosetogetherandto fill the spacebetween
thelineswith a shadedpolygon[51]. In orderto obtaina ribbon of constantwidth,
thedistancebetweertheparticlelineshasto benormalizedaftereachintegrationstep.
Moreover, sincethistechniques justanapproximatiorto thelocal rotation,thebands
have to startcloseenoughto achieve properresults.Anotherdrawvbackof this method
is the factthattwo lines have to be computed. Hence,it is a goodideato calculate
thelocal rotationdirectly. One canusethe vorticity matrix 2 (seeSection6.5.2)to
generatghe band. Assumejust for simplicity, thatwe wereusingEuler's methodfor
integratingthe orbit:

Ty =Tp_1+7 -0(Tp_1) . (6.13)

Furthermorelet thebandvectorb, which determineghedirectionof theribbon,bea
smallvectorperpendiculato the tangentvectorof the orbit. Then,b is transformed
accordingto theexpression

bn = bn,1 + 7 Dw'v(:cn,l) . bn,1 + O(an,l”z) (614)

if Euler'sintegrationschemads used. Neglectinghigherorderterms,expansionand
shearwe obtainthefollowing equation:

bp=bp 1 +7 - Uzn 1) by1 . (6.15)
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Figure 6.24. The turbulent jet stream in the Pegase data set is visualized by means of
streak balls (left) and streak bands (right). The absolute value of the velocity is revealed
by color coding and in the left image by the size of balls as well.

Becauseof approximationand rounding errors due to using finite differencesfor
calculatingthe JacobianD v anddueto neglectingtermsof higherorder, it is saferto
projectthe new bandvectorbd aftereachintegrationstepontothe planeperpendicular
to thetangentvectorof the orbit. This resultsin ribbonsthatspinlongitudinallyin a
swirling flow.

Anothervariablethat canbe visualizedby bandsis the torsionof the currentpath,
stream,or streakline [386]. However, noticethatthe local rotationof the flow is in
generaldifferentfrom thetorsionof the streamline throughthe currentposition.

Furthergeometricprimitivesfor visualizationpurposesaretetrahedraasshavn in
Figure6.23. They have theadvantagedrom bothballsandbandg(seeFigure6.24).



