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ABSTRACT

In this paper, we presenta fastGPU-basedalgorithmfor ray-tracingpoint-basedmodels,which includesanef�cient computa-
tion of secondaryandshadow rays,contraryto previouswork which supportedray-surfaceintersectionsfor primaryraysonly.
Volumetriceffectsareaddedto themodelsby meansof scattereddatainterpolationin orderto combinepoint-basedsurface
andvolumerenderingin the samescene.This allows us to obtaineffectssuchasrefractionwithin volumetricobjects. The
�e xibility of ourmethodis demonstratedby combiningshadows, texturedobjects,refractionandvolumetriceffectsin thesame
scenecompriseduniquelyby point sets.
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1 INTRODUCTION

Mesh-basedmethodshave becomethe standardde
factofor a wide rangeof applications.Theadvancesin
mesh-basedtechniquesstimulatedthe developmentof
hardwarespeci�c to meshes,which in turn encouraged
the developmentof new andbettermesh-basedmeth-
ods. However, during the last � ve years,the increase
in thecomputationpower of todaysprocessorsandthe
�e xibility providedby graphicshardware,allowed the
arisingof a new setof point-basedtechniques,which
representan alternative to mesh-basedmethods. By
working directly with point clouds, the processing
is done on the raw data without the need for any
intermediate representationand generally arti�cial
connectivity relations18. Since the only information
neededis the geometrygiven by the points, larger
modelscan be storedin memory. Also, re-sampling
during extremedeformationsand topologychangesis
supportedef�ciently .

Among the point-basedsurfaceapproximationmeth-
odsdevelopedin the last yearsarePoint SetSurfaces
(PSS)6;30 As statedby Adamsonand Alexa2, PSS
have clear advantagesover other point-basedsurface
approximationtechniqueswhen ray-tracing is to be
used, namely the locality of the computations,the
possibilityof de�ning a minimumfeaturesizeandthe
factthatthesurfaceis smoothandmanifold.Besidethe
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inherentimplicationsof thesethreecharacteristics,the
secondadvantagecan be exploited when computing
the intersectionof the ray with the surface,whilst the
lastonemakesCSGoperationsfeasible.

However, ray-tracingaPSSoncurrentstandardPCpro-
cessorsis notinteractive.To tacklethisproblem,imple-
mentationson specialhardware have beenpresented.
Wald and Seidel28 implementeda highly-tunedray-
tracerthatusedAdamsonandAlexa's implicit surface
de�nition 3 onanOpteronPC,makinguseof SIMD op-
erationsandanumberof accelerationtechniquesorigi-
nally developedby theauthorsin thelastyearsfor mesh
models. Tejadaet al.27 presenteda GPU implemen-
tation to computeray-surfaceintersectionsof primary
with thePSSproposedby Alexaet al.6.

Thus,basedon thework by Tejadaet al., we choseto
renderthePSSontheGPUexploiting the�e xibility and
new functionality offeredby currentlyavailablecom-
modity graphicshardware. As mentionedabove, this
approachincludesa fast computationof the intersec-
tion of primary rayswith the PSS.However, intersec-
tionswith secondaryandshadow raysarecomputedby
meansof a bruteforce scheme.Therefore,computing
ef�ciently theseintersectionswith thePSSon theGPU
is our main concernin this work. The resultingalgo-
rithm,whichwepresentin thispaper, allowsusto work
with nestedsurfacesandto includeself-shadowing in
thescene.In orderto includevolumetriceffectsin the
scene,we exploitedthetexture-baseddatastructurewe
usefor ray-tracingthePSS,to interpolatethescalarat
the samplingpoints. This way, we are able to create
scenes,whereboth surfacerenderingof the PSSand
volumetric effectsare combined. Furthermore,if the
pointsbelongingto amaterialboundaryof thevolumet-
ric objectareproperly identi�ed, we areableto com-



bine refractionwith volumerenderingto obtain inter-
estingvisualeffects.

2 RELATED WORK

As mentionedbefore,duringthelastyearspoint-based
methodshavegaineda new popularity. Modelingtools
and techniquesfor creating and editing point-based
modelshave beendeveloped12;20;30. Also deformable
bodies simulation16, animation19;21, and rendering
algorithms1;3;9;25;29 have been proposed. Alexa et
al.6 proposeda resamplingtechniquefor generating
densesamplingsin order to cover the image space
consistentlyby simply projecting the points onto the
screen.The `surfaces'obtainedthis way aretherefore
known as Point Set Surfaces(PSS).PSSis a surface
approximationmethodthat, as statedin the previous
section,presentsimportantadvantagesfor ray-tracing.
PSShave beenfurther studiedby Alexa et al.5, by
Adamsonand Alexa3;4, and by Amenta and Kil 7;8,
who noted that PSSare an specialcaseof extremal
surfaces15. Amentaand Kil 7 also studiedimportant
characteristicsaboutthedomainof point setsurfaces.

In general,PSSmethodsmake useof classicaldiffer-
entialgeometryresultsto ensureconsistentlocal repre-
sentationthroughpolynomialapproximations.In this
respect,Zwicker et al.30 uselinearminimizationfunc-
tions basedon WeightedLeast-Squares(WLS) to de-
�ne thelocalpolynomialfunctions,whilst Alexaetal.6

employ a non-linearstrategy basedon Moving Least-
Squares(MLS) to de�ne a local coordinatesystemon
which a local polynomialapproximationof thesurface
is calculatedusingWLS. This approachwasbasedon
thework by Levin14 ontheapproximationpowerof the
MLS method.Point-basedtechniquesthatmakeuseof
implicit functionswhosezerosetis guaranteedto gen-
eratesurfacerepresentationswerealsoproposed3;8;13.
Also, guaranteesfor homeomorphicalapproximations
to the original object basedon this implicit function
havebeenpresented11.

Ray-tracingPSShasbeenpreviouslyaddressedbothon
theCPU2;28 andtheGPU27. However, asalreadymen-
tioned, ray-tracinga PSSon the CPU is prohibitively
slow. Therefore,Wald and Seidel28 presenteda ray-
caster, implementedontheOpteronPC,for theimplicit
surfacede�nition by Adamsonand Alexa3. Also, a
GPU-basedtechniquewasproposed27, that ef�ciently
computestheintersectionof primaryrayswith thesur-
face. Although, the advantageof this implementation
is the use of commodity hardware, a descriptionof
how to computetheintersectionbetweensecondaryand
shadow rayswith the PSSef�ciently is not presented.
Ray-tracingon theGPUhasbeenaddressedin a more
generalsenseby Purcell23.

3 POINT SET SURFACES

Given a setof points pi 2 R3; i 2 f 1; :::;Ng, Alexa et
al.6 de�ne the correspondingPoint SetSurfaceSp as
thesetof stationarypointsfor theprojectionprocedure
describedin the following. First a local orthonormal
coordinatesystemis built upontheplaneH(n;r + tn),
wherethe normal n to the planeand the scalart are
obtainedby minimizing

å
pi2P(r)

< pi � r � tn;n > 2 q(kpi � r � tnk) (1)

with respectto both n and t. Here q(x) is a non-
negative, monotonicallydecreasingfunction andP(r)
is the setof points in the neighborhoodof r. For the
weightingfunction q(x), authorsfrequentlymake use

of a Gaussianq(x) = e� x2

h2 , whereh representsthe lo-
cal level of detailof theobject(featuresize).Notethat
theconstraintknk = 1 mustbeobservedduringthemin-
imization. Also notethat,asa resultof this minimiza-
tion, H will be a planecloseto r andquasi-tangentto
Sp.

Oncethe local coordinatesystemis built over H with
origin in q = r + tn, a local bivariatepolynomial ap-
proximation g to the surface is computedusing the
points in P(r). If qi is the projectionof pi onto H,
(xi ;yi) is the local representationof qi in the local sys-
temand fi = n� (pi � q) (theheightof pi overH), then
the coef�cients of this polynomialare found by mini-
mizing

å
pi2P

(g(xi ;yi) � fi)2q(kpi � qk): (2)

Then, the projection P (r) onto Sp is de�ned by
P (r) = q+ g(0;0).

Theminimizationde�ned in Equation1 is a non-linear
optimizationproblem. To solve it, we usean iterative
processthatdescendsto thenext local minima.This it-
erativeprocessconsistsof two steps:(1) minimizewith
respectto t and(2) minimize with respectto n. In or-
der to starttheprocessa �rst approximationof n must
be computedusingcovarianceanalysis18. Then, the
minimizationwith respectto t is performedusing the
Brentwith derivativealgorithm22, andtheresultingt is
then�x edfor minimizingwith respectto n. Sincemin-
imizing with respectto n in S2 (thespaceof directions)
is computationalexpensive,anapproximationcouldbe
obtainedasin thework by Alexaet al.6 by minimizing
q on theplanede�ned by q = P (r) + tn andtheprevi-
ousn usingtheconjugategradientalgorithm26. These
two stepsarerepeateduntil thechangein bothparame-
tersis smallerthana pre-de�nedthreshold.With these
resultswe build the local coordinatesystemandcom-
pute the local polynomialapproximationasdescribed



above.Theminimizationof Equation2 canalsobeper-
formedusingconjugategradient.

4 RAY-TRACING POINT SET SUR-
FACESON THE GPU

Basedon the observation that the in�uence of a sam-
ple point pi on the shapeof the PSScan be limited,
AdamsonandAlexa2 de�ned a trust region Ti for each
samplepoint pi astheball with centeron pi andradius
b, where0:5h < b < h. The idea for the ray-tracing
processis to computea �rst approximationof the in-
tersectionbetweenthe ray andthe PSSandthencon-
verge iteratively to theactualintersection.For this, in
apre-processingstep,thelocal polynomialapproxima-
tion at eachpoint pi is calculatedasdescribedabove,
i.e. r = pi . The �rst approximationfor the intersec-
tion is then the nearestintersectionxt of the ray with
thesepre-computedlocal polynomials,that lies within
thetrustregionof thecorrespondingpi . To convergeto
the actualintersectionbetweenthe ray andSp, P (xt )
is computed.Note that during this projectionprocess
a local polynomialapproximationgt is found. Thedis-
tancebetweenP (xt ) andxt givesusa measurefor the
error et of the current intersectionxt . If this error is
greaterthananuser-de�ned threshold,the intersection
betweengt and the ray is calculatedand taken as the
new xt . If xt lies outsidethe currenttrust region, the
next nearestintersectionof the ray with thepre-stored
localpolynomialsis foundandtheprocessrepeated.

Somesimpli�cationswereintroducedinto theGPUim-
plementationof theprojectionoperator27. Firstly, since
thepre-computationof the local polynomialsstoredin
each pi requiresprojecting the samplepoints, which
arealmoston Sp, the iterative processfor minimizing
Equation1 is not performed. Instead,the initial n is
calculatedusingcovarianceanalysisandthelocalcoor-
dinatesystemis built over H(n; pi). The sameapplies
to thecomputationof P (xt) for thecurrentintersection
xt . Secondly, in orderto makefeasiblethecomputation
of the coef�cients of the local polynomialapproxima-
tionson theGPU,anincompletepolynomialof degree
2 is used,namelyg(x;y) = Ax2 + By2 + Cxy+ D.

We introduceherea furthersimpli�cation basedon the
observationthattheintersectionof araywith thestored
polynomialsoftensuf�ces for obtaininggoodapproxi-
mationsto theactualintersectionpointbetweentheray
and the point set surface. This means,that the itera-
tive processusedto convergeto theactualintersection
with Sp is completelyavoided.As canbeappreciatedin
Section7, the resultingrenderingsareof goodquality
evenwith this �rst roughapproximation,whilst gaining
performance.

To store the information neededon the GPU, we
use a 2D texture tex_positions with the posi-
tions in spaceof the sampling points pi and a 3D
texture tex_neighbors with the pointers to the
nearestneighborsof each pi . These textures are
used to calculatethe coef�cients of the polynomial
gi(x;y) for each pi , which is written to the target
texture tex_polynomial , and the orthonormal
baseof the local coordinatesystem,written to textures
tex_basea , tex_baseb andtex_basec , asdone
in previouswork27.

With this information, the intersectionof the primary
rayswith Sp canbe ef�ciently computed27. However,
contraryto previous work, we approximatethis inter-
sectionas the intersectionof the ray with the nearest
polynomial that lies insidethe correspondingtrust re-
gion. The processis startedby renderingfor eachpi
a viewport-aligneddisc with center in pi and radius
b. Eachfragmentgeneratedthis way representsa ray
that intersectsthetrust region Ti of pi. In thefragment
shader, the ray correspondingto the fragmentis trans-
formedto the local system,its intersectionwith thelo-
cal polynomial gi is computedand, in casethe inter-
sectionlies within Ti , the intersectionpoint is written
to texture tex_intersection , and the normal at
the intersectionpoint to texture tex_normal . With
this informationtheviewablepartof thesurfacecanbe
lit anddisplayed,asshown in Figure1 wherethe sur-
facerenderingof theArmadillo model(172974points)
obtainedwith our GPUrendereris shown. Theperfor-
mancefor this modelwas6 fps on anNvidia 7900GT
grahicscard.

5 SHADOWS, REFLECTIONS AND
REFRACTION ON THE GPU

To limit thenumberof pointstestedto �nd theintersec-
tion of secondaryrayswith the local polynomials,we
build a Cartesiangrid of reducedresolution(about203

for a point setof size35000)covering the domainof
thepoint setasdepictedin Figure3a. Then,to �nd the
intersectionof agivenraywith thepointsetsurfacewe
traversethegrid startingin thecell wheretheorigin of
the ray lies andtestthepointsstoredin eachtraversed
cell. If the origin of the ray lies outsidethe grid, the
intersectionof the ray with theboundingbox is found
andusedasthenew origin of theray.

Oneimportantissueto consideris shown in Figure3b,
wherethecaseof apolynomialof apoint in aneighbor-
ing cell intersectingthecurrentcell is exempli�ed. To
dealwith this caseduring the testwe must includein
eachcell thepointsin neighboringcells that lie within
adistanceb from theboundariesof thecell asshown in
Figure3a.



Figure 1: The Armadillo model rendered with our GPU-
based point set surfaces renderer.

This processis also performedon the GPU. Thus, a
3D texture, tex_buckets , for the grid is created
where a pointer to a position in an intermediary
2D texture, tex_pointers , is stored. In tex-
ture tex_pointers pointers to the positions in
tex_position andtex_neighbors correspond-
ing to the points in the cell are storedsequentially.
Then,given a fragmentcorrespondingto an arbitrary
ray (generatedby renderinga singlequadcoveringthe
viewport and following the refractingray) the points
correspondingto the cells intersectedby the ray are
testedin the fragmentshaderusing this texture-based
datastructure.

In Figure 2 we show how this can be usedfor ray-
tracing a PSSfollowing only the secondaryrefracted
rays. A completeray-tracingalgorithm on the GPU
couldbeeasilyimplementedfrom this results(See10;24

for detailson the implementationof a GPU-basedray-
tracer). One importantissueshown in Figure2 is the
needfor a CPUloop for traversingthegrid. This loop
could also be implementedin a fragmentshaderand
only onerenderpasswould benecessaryfor traversing
thecompleteobject�nding all intersectionsof the ray
(refractedeachtime an intersectionis found) with the
object. However, the numberof instructionsexecuted
by thefragmentprocessoris limited andwhenthenum-
ber of points in the objectover-passesa certainlimit,
regionswith greenpixels areobtained.Therefore,we
optedfor performinga renderpassfor eachtraversed
cell. We useping-pongrenderingin orderto fetch the
resultsof the previous passin the currentpass,which

Figure 2: Ray-tracing a PSS following the secondary
refracted rays only. The red pointed arrows represent
the loop on the CPU used for reducing the number of
instructions performed in a single pass.

includedthe position,direction,cell andaccumulated
color (therefore,werenderto four rendertargets).

Also, supportfor differentindicesof refractionfor each
channelwasimplemented.Sinceit is only possibleto
havefour rendertargets,wehaveto executetheprocess
above describedfor eachchanneland combinetheir
resultsin a further renderpass. Shadows, including
self-shadowing, are easily implementedby traversing
thegrid following the light vector. Figure4 shows vi-
sualresultsof self-shadowingandshadowsbetweenthe
StanfordBunny andthepoint setof anarti�cal terrain.

6 INTRODUCING VOLUME RENDER-
ING EFFECTS

As mentionedbefore,we alsoincludedvolumetricef-
fectsin thescene.For this,we makeuseof thetexture-
baseddatastructureto performscattereddatainterpo-
lation17 of scalarvaluesstoredat thesamplingpoints.
Thesepoints are classi�ed as belongingto a material
boundaryor not. The integration for a ray is started
by usingthe boundarypointsto �nd the �rst intersec-
tion xp of the ray with theobject,with theprocessde-
scribedin the previous section. The ray is thensam-
pledusingaconstantstep.Theneighborsof thecurrent
samplingpointxp arefoundusingthegrid describedin
theprevioussection,by accessingthepointsin thecell
wherexp is stored,aswell as the pointsbelongingto
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Figure 3: The Cartesian grid to traverse the object. In
(a) the points within the bright green and red areas are
included in the list of points of the cell colored light
red, due to the case shown in (b) for the shaded cell.
Although there is no point inside the cell, a segment
(shown in red) of the Point Set Surface could intersect
it.

Figure 4: The Stanford Bunny model generating a
shadow on the point-based texturized terrain. Self-
shadowing is also computed.

the neighboringcells. From thesepointswe only use
thosewithin a pre-de�neddistancek to the integration

point. The interpolatedvalues(xp) at xp is thengiven
by

s(xp) =
å pi2N(xp) s(pi) exp(� d(xp; pi)2=2r )

å pi2N(xp) exp(� d(xp; pi)2=2r )
(3)

whereN(xp) is thesetof pointsin thek-neighborhood
of xp, d(xp; pi) is thedistancebetweenxp andpi andr
is asmoothingparameter.

This processis easilycombinedwith theonedepicted
in Figure 2 to rendermixed sceneswith both point-
basedsurfacesandscatteredvolumetricdata. Further-
more,refractionat theboundariesof avolumeis possi-
ble. During grid traversal,for eachvisitedcell, we test
theintersectionbetweentherayandthepolynomialsof
the points storedin the cell that belongto a material
boundary. If an intersectionis found, the directionof
the refractedray is computedandthe integrationpro-
cesscontinueswith thisnew raydirection.This render-
ing processresultsin interestingvisual effects,ascan
beseenin thenext section.

7 RESULTS

Here we presentperformanceand visual resultsob-
tainedwith known datasetsfrom testscarriedout on
a PCequippedwith anNVidia 7900GT graphicscard
and renderingto a viewport of size 640� 480. We
run testswith the modelsusing refraction, shadows
computation,volumerenderingandvolumerendering
with refraction.Also, resultsfor surfacerenderingwith
different indicesof refraction(IOR) for eachchannel
arepresented.All theserenderingmodescanbe seen
in Figure7. For surfacerenderingwithout refraction
we achieved frames rates of 28 and 20 fps for the
StanfordBunny dataset(35947points)and the Horse
dataset(48485points)respectively. Includingshadows
reducedtheperformanceto 10fps for theBunny andto
11 fps for theHorse.

Complex scenescan be describedby meansof point
clouds as seenin the �gures, where exampleswith
texturized point-basedterrains,sceneswith refracted
surfacesand volumes, self-shadowing and refracted
volumesare shown. Furthermore,sceneswith com-
binedmodalities,e.g.refractedvolumesandtexturized
terrains, are supported. Following the refractedray
throughtheobjectwe obtainedframeratesof 1:33 fps
for the StanfordBunny andof 2:16 fps for the Horse
model. As statedabove, multiple indicesof refraction
were also implementedusing multiple passes,which
turnedinto a slow down of therenderingprocess(0:25
and0:22fps for theBunny andtheHorserespectively).

On the otherhand,including volumetriceffectsin the
renderingdoesnothaveasigni�cant impactontheper-
formance,sincethescalarvaluesareinterpolatedat the



Figure 5: The Stanford Bunny and Horse point sets rendered with the techniques implemented. Starting with the
left-top image row-wise: the raw point set, the point set surface, refraction with single IOR, refraction with multiple
IOR, volume rendering with refraction and volume rendering using transfer functions.

samepositionson the ray we useto traversethe grid
structurewhile computingthe intersectionsof the ray
with thesurface.Thus,1:08 fps wereachievedfor the
Bunny using combinedrefraction and volumetric ef-
fects. In this case,theperformancefor the Horsewas
0:96 fps.

8 CONCLUSION

In this paper, we presentedGPU-basedrenderingtech-
niquesto renderscenescomprisedby volumesandsur-
facesdescribedonly by pointswith no otherinforma-
tion than the position of the points in spaceand the
scalarvalueassociatedto them. By implementingour

techniquesontheGPU,wemanagedto reducethecom-
putationtime comparedto CPU implementations.Al-
thoughhigherframerateshavebeenachievedwith im-
plementationson specializedhardware, the advantage
of working with commoditygraphicshardware is the
accessibilityto desktopusersandtherapid increasein
computationalpowerand�e xibility comparedto CPUs.

Currentlythemostimportantproblemwe �nd for con-
tinuing with the developmentof point-basedmethods
is thecomplexity of theproximity queries.In orderto
reducethe time spentin this queries,we had to pre-
computethe nearestneighborsfor the samplepoints
andusea grid-basedstructureduring ray traversalas



in previouswork on ray-tracingon theGPU.However,
this has the disadvantageof using additional storage
spacethat, althoughis not as large asthe requiredby
surfacemeshesor structuredand non-structuredvol-
umes,couldbecomea seriousproblemfor largermod-
els. On the other hand,we believe that the advances
onpoint-basedmethodswill capturetheattentionof re-
searchersandhardwaremanufacturersin the nearfu-
ture,resultingin the inclusionof suchexpensive oper-
ationsin hardwareallowing the further developingof
point-basedcomputergraphics.
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